A common assumption in valuation models for derivative securities is that the underlying state variables take values in a linear state space. We discuss numerical implementation issues in an interest rate model with a simple non-linear state space, formulating and comparing Monte Carlo, …nite di¤erence and lattice numerical solution methods. We conclude that, at least in low dimensional spaces, non-linear interest rate models may be viable.
Introduction
Economic and …nancial state variables are usually thought of as taking values in a linear state space. While this has resulted in some useful models that can approximate behaviour observed in the market, particularly near equilibrium, there is no reason to suppose that the 'true' world is linear.
A number of papers have explored the possibility of de…ning models on non-linear state spaces. Hughston [4] shows how a no-arbitrage model of asset prices can be formulated when the underlying state variables take values in a Riemannian manifold. He shows how geometric objects such as the Riemannian connection, torsion and curvature can be interpreted in …nancial terms.
Numerical results can also be achieved. Nunes and Webber [7] show how it is possible to construct interest rate models on simple 2-manifolds, …tting one such model to empirical data.
Although numerical methods for extracting prices from …nancial models de…ned on linear state spaces are well developed, this is not the case for non-linear state spaces. In this paper we discuss how each of the main methods used in the linear case might be applied to the non-linear case, comparing their implementations for a particular non-linear model.
The main part of this paper discusses the numerical pricing strategies and how these might be applied to the non-linear case. The numerical methods are then applied to calculate term structures in a simple interest rate model.
The Valuation Framework
Our fundamental assumption is that the states of our economic system take values in an N-dimensional manifold M. We shall immediately assume that M is Riemannian, so that it possesses a symmetric tensor …eld g of type (0; 2), positive de…nite at each x 2 M. g de…nes a unique a¢ne connection r. An a¢ne connection determines the map exp x : U x ! M, at each x 2 M, that maps a region U x of the origin in T x di¤eomorphically onto a region of x in M.
The fundamental option pricing relationship, due to Harrison and Kreps [2] and Harrison and Pliska [3] , expresses the current value c t of an option as an expected discounted payo¤, where the discounting factor is determined by a numeraire,
and the expectation is taken under a measure in which ct Pt is a martingale. Often the numeraire is taken to be the accumulator account,
r s ds´, where r t is the instantaneous short rate at time t, and (1) becomes
, where the expectation is taken with respect to the so-called risk neutral measure. Equation (1) can be evaluated if we are able to de…ne martingales and compute the expectation. 1 The state X t of the system at time t evolves stochastically in M. We do not suppose that the state X t 2 M is directly observable. Instead there is a set of observables S = (S 1 ; : : : ; S M ) : M ! R M . We shall write S t = S (X t ) for the state of the observables at time t. S t may include observations of asset prices and interest rates.
The expectation (1) may only occasionally be solved explicitly. Standard numerical methods in a linear space include numerical integration by Monte Carlo methods, solving a related PDE by …nite di¤erence methods, and discretising time and the state space in a lattice method. 2 We consider each of the three main numerical methods in turn to determine how it might extend to a non-linear state space. For concreteness we consider the application of each method to a particular interest rate model. is covered by R, and is endowed with a metric 1 See Emery [1] . The existence of a Riemannian structure and the associated connection allows local martingales to be de…ned on M, and hence the extension to M of the no-arbitrage framework for Itō processes in the linear case. 2 These are reviewed in the interest rate case by, for instance, James and Webber [5] .
tensor inherited from R via the covering map, ¼ : x 7 ! x mod 2¼. Processes taking values in R project down onto processes with values in S
¢ for all t and ¹ X t . Our state variable is X t = ¼ ¹ X t with ® and ½ constants. We de…ne the short interest rate r : S 1 ! R as r (µ) = ¹ + · sin (µ), so that the short rate process is r t = r (X t ) = ¹ + · sin ¡ ¹ X t ¢ . r t is con…ned to the range [r min ; r max ], r min = ¹ ¡ ·, r max = ¹ + ·. Because we have an explicit construction it is easy to simulate the process r t . If ® is non-zero r t cycles between high and low values. r t is less volatile near r min and r max .
We assume that processes are de…ned under the risk neutral measure. The value at time t of a pure discount bond B t (T ) with payo¤ 1 at time T is
The term structure is the set of spot rates r t (T ) = ¡ 1 T ¡t ln B t (T ). Solving for term structures in this model (see below) we …nd they can be damped waves or they can be monotonic.
Solving a PDE In a linear state space the Feynman-Kac formula allows us to express c t in (1) as the solution to a certain PDE. Hughston [4] shows how the same PDE arises covariantly on a Riemannian manifold. c t satis…es the covariant equation
where g is the inverse of the metric tensor and¸is a price-of-risk vector …eld.
If c is a function of real valued asset prices S i , i = 1; : : : ; N, then one obtains a generalization of the usual Black-Scholes PDE,
g ij has a natural interpretation as a variance matrix. The PDE (3) is de…ned on the manifold M.
To solve the PDE numerically the manifold must be discretized. Both in the linear case and on Riemannian manifolds one may use …nite element techniques (see Zvan [9] ).
If the manifold admits a covering by R N then a grid on R N may project down consistently onto a grid on M. For the illustrative model option prices satisfy the PDE
where subscripts denote partial di¤erentiation, with boundary condition c (t; X t ) = c (t; X t + 2¼) and for a pure discount bond c (X T ; T ) = 1. Since everything is periodic in X t , solutions are indeed de…ned on the circle S Nunes and Webber [7] numerically solve the PDE. The covering space is discretised, ensuring that the grid has period 2¼. For the illustrative example, essentially a one dimensional problem, no special problems are encountered. 
Monte Carlo Methods
The sequence fx i g j=1;::: ;M is a sample path of a Brownian motion X t on M. Lattice Methods Lattices can be constructed via the exp map, or via a covering space or an imbedding if these are available.
Choose a set of directions a i 2 R N , i = 1; : : : ; L, and for each i choose a probability p i , 0 < p i < 1, with P p i = 1. Specify a scale factor s (¢t) such that the discrete branching
converges to a Wiener process as ¢t ! 0. (See McCarthy and Webber [6] for details). Given an isometry of ¶ : R N ! T x0 and a connection on M, the exponential map exp : (x; T x ) ! M maps branching on tangent planes T x to a branching on M itself. In general this branching won't recombine .
For the illustrative model we construct a lattice via the covering space R. . Fix a time step ¢t. At time t j = j¢t the state variable takes values in the set 3 The map is only de…ned if ¶x i F ¡1 ¢t (y i ) lies within a small enough neighbourhood of 0 2 Tx i , but in practise, with a small enough time step ¢t, this is not a computational ob jection. 4 Sample paths can be determined from a low discrepancy sequence. Other regularisation techniques, such as strati…ed sampling and antithetic variate methods, also carry over from the linear case. 
where level (M + 1) ½ p k¢t is identi…ed with level ½ p k¢t. For k > 1 the branching speci…ed by (7) is well de…ned and has identical …rst and second moments to X t . k is chosen so that the branching is compatible with the projection map. In fact we require ½ p k¢t = ¢r, so set k =
¢t . The time and space step must be chosen so that k > 1.
Pricing on the lattice now proceeds using forward induction to construct Arrow-Debreu security prices at each node on the lattice, at each time step. 
Model
The three methods described above were used to compute the term structure of interest rates in the S Term structures were computed out to 25 years at 20 time steps per year, and out to 5 years at 100 time steps per year. The PDE was solved with an explicit …nite di¤erence method with 100 space steps. The Monte Carlo method used antithetic variates and 2000 sample paths. The lattice method used 120 space steps, giving a value of k = 1:37. Table 1 summarises the results for selected maturities, T , in years.
With our parameter values and numerical speci…cations even for the coarser time step the three methods normally agree to with a few basis points. The lattice solution and the Monte Carlo solution normally agree to within 1 to 2 basis points. The PDE solution is greater than the other two by 7 basis points at 5 years and at 18:5 years. With the …ner time step the lattice method and the Monte Carlo method are within a basis point of one another. Now though the PDE method is in much closer agreement, within 1 basis point of the other two methods.
In both cases the PDE method was the fastest, closely followed by the lattice method. The Monte Carlo method was signi…cantly slower. The lattice method appears to give the best trade o¤ between speed and accuracy, at these parameter values and numerical speci…cations.
Conclusions
In the context of Hughston [4] , we have investigated how numerical algorithms for the linear case can be adapted to non-linear manifolds. We have compared the pricing methods, …nding that each is able to adequately price a simple instrument.
We conclude that there seems to be no numerical objection to setting up models of derivative securities on non-linear state spaces, at least in simple examples of the sort considered in this paper.
